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CHERN FORMS OF HERMITIAN METRICS WITH ANALYTIC
SINGULARITIES ON VECTOR BUNDLES
RICHARD LA¨RKA¨NG & HOSSEIN RAUFI & MARTIN SERA & ELIZABETH WULCAN
Abstract. We define Chern and Segre forms, or rather currents, associated with a Griffiths
positive singular hermitian metric h with analytic singularities on a holomorphic vector bundle
E. The currents are constructed as pushforwards of generalized Monge-Ampe`re products on the
projectivization of E. The Chern and Segre currents represent the Chern and Segre classes of
E, respectively, and coincide with the Chern and Segre forms of E and h where h is smooth.
Moreover, our currents coincide with the Chern and Segre forms constructed by the first three
authors and Ruppenthal in the cases when these are defined.
1. Introduction
Singular metrics on line bundles were introduced by Demailly in [De4], and have since de-
veloped to be an influential analytic tool in complex algebraic geometry. In [BP] Berndtsson
and Pa˘un introduced singular metrics on vector-bundles in order to prove results about pseudo-
effectivity of relative canonical bundles. These have been further studied in a series of papers
including, e.g., [H,HPS,R]. In order to develop a theory for singular metrics on vector bundles it
seems crucial to have Chern forms. In the line bundle case the (first) Chern form is a well-defined
current, whereas any attempt to construct Chern forms of singular metrics on higher rank bun-
dles seems to involve multiplication of currents. In [LRRS] the first three authors together with
Ruppenthal defined Chern forms for positive singular metrics on vector bundles under a natural
condition on the dimension of the degeneracy locus. In this paper we define Chern forms without
this assumption but for metrics with so-called analytic singularities. To do this we develop a new
formalism for the generalized (mixed) Monge-Ampe`re operators for plurisubharmonic functions
with analytic singularities from [AW].
Let E be a holomorphic vector bundle of rank r over a manifold X of dimension n and let
h be a smooth hermitian metric on E. Let π : P(E) → X be the projective bundle of lines in
E∗. Then h∗ induces a metric on the tautological line bundle OP(E)(−1) ⊂ π
∗E∗; let e−ϕ be the
dual metric on OP(E)(1). If h is Griffiths positive, then e
−ϕ is a positive metric, i.e., the local
weights ϕ are plurisubharmonic (psh), and the first Chern form of e−ϕ is given as ddcϕ, where
dc = (i/4π)(∂ − ∂¯). Note that this is a well-defined global positive (1, 1)-form. Following the
ideas in, e.g., [F] one can define the associated kth Segre form as
(1.1) sk(E, h) := (−1)
kπ∗(dd
cϕ)k+r−1,
cf. [M, Section 7.1]. Since π is a submersion this is a smooth form of bidegree (k, k). It was
proved in [M, Proposition 6], see also [Di, Proposition 1.1] and [G, Proposition 3.1], that (1.1)
coincides with the classical definition of Segre forms, which means that the total Segre form
s(E, h) = 1 + s1(E, h) + s2(E, h) + · · · is the multiplicative inverse of the total Chern form
c(E, h) = 1 + c1(E, h) + c2(E, h) + · · · . Identifying components of the same bidegree, this can
be expressed as
(1.2) sk(E, h) + sk−1(E, h) ∧ c1(E, h) + · · ·+ ck(E, h) = 0, k = 1, 2, . . . .
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In particular, (1.2) holds on cohomology level, i.e., the total Segre class s(E) = 1+s1(E)+s2(E)+
· · · is the multiplicative inverse of the total Chern class c(E) = 1 + c1(E) + c2(E) + · · · ; here
ck(E) and sk(E) are the kth Chern and Segre classes of E, defined as the de Rham cohomology
classes of ck(E, h) and sk(E, h), respectively.
The aim of this paper is to construct Chern and Segre forms, or rather currents, associated
with singular metrics. Therefore let h be a Griffiths positive singular metric on E in the sense of
Berndtsson-Pa˘un, [BP], see Section 5; then the induced singular metric e−ϕ on OP(E) is positive,
cf. Proposition 5.2. Our strategy is to mimic the construction (1.1) of Segre forms and use them
to construct Chern and Segre currents. However, in general one cannot take products of currents
and in particular (ddcϕ)k is not always well-defined.
Recall that a psh function u has analytic singularities if it is locally of the form
(1.3) u = c log |F |2 + v,
where c > 0, F is a tuple of holomorphic functions fj, |F |
2 =
∑
|fj|
2, and v is bounded. We
say that h has analytic singularities if the weights ϕ are psh with analytic singularities; for a
direct definition in terms of h, see Proposition 5.4. In [H] Hosono constructed a class of examples
of singular hermitian metrics on vector bundles, that in fact have analytic singularities, see
Example 5.5.
Given a psh function u with analytic singularities, in [AW] Andersson and the last author
defined generalized Monge-Ampe`re products (ddcu)m recursively as
(1.4) (ddcu)k := ddc(u1X\Z(dd
cu)k−1),
where Z is the unbounded locus of u, i.e., locally defined as {F = 0} where u is given by (1.3);
for u of the form u = log |F |2 the currents (1.4) were defined in [A]. The current (ddcu)m is
positive and closed and of bidegree (m,m). For m ≤ codimZ, it coincides with Bedford-Taylor-
Demailly’s classically defined (ddcu)m, cf. Section 2.1. If α is a closed smooth (1, 1)-form, inspired
by [ABW, Theorem 1.2], cf. Remark 3.6, we let
(1.5) [ddcu]mα := (dd
cu)m +
m−1∑
ℓ=0
αm−ℓ1Z(dd
cu)ℓ
for m ≥ 1 and [ddcu]0α = 1; see (3.11) for a recursive description. Note that if m ≤ codimZ,
then 1Z(dd
cu)ℓ = 0 for ℓ < m and thus [ddcu]mα = (dd
cu)m.
Now assume that h has analytic singularities and let θ be the first Chern form of a smooth
metric e−ψ on OP(E)(1); e.g., e
−ψ can be chosen as the metric on OP(E)(1) induced by a smooth
metric on E. Since the difference of two local weights ϕ is of the form log |f |2, where f is a
nonvanishing holomorphic function, [ddcϕ]mθ is a globally defined current on P(E), see Section 4.
Inspired by (1.1) we define
(1.6) sk(E, h, θ) := (−1)
kπ∗[dd
cϕ]k+r−1θ .
If the ϕ are smooth, then clearly sk(E, h, θ) coincides with sk(E, h) defined by (1.1).
To construct Chern currents we need to define products of this kind of currents. Let E1, . . . , Et
be disjoint copies of E and let π : Y → X be the fiber product Y = P(Et)×X · · · ×X P(E1). Let
ϕj and θj denote the pullbacks to Y of the metric and the form on P(Ej) corresponding to ϕ
and θ, respectively. By extending ideas in [AW] and [ASWY] we give meaning to products
[ddcϕt]
mt
θt
∧ · · · ∧ [ddcϕ1]
m1
θ1
on Y , see Sections 3 and 4. Next for kj ≥ 1 we define
(1.7) skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) := (−1)
kπ∗
(
[ddcϕt]
kt+r−1
θt
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ1
)
,
see Section 6.1; here and throughout k := k1 + · · · + kt. If h, and thus ϕ, is smooth then (1.7)
just coincides with the product skt(E, h)∧ · · · ∧ sk1(E, h) of smooth Segre forms, cf. Section 6.2.
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The currents (1.7) are in general not commutative in the factors skj(E, h, θ), see Example 8.4.
Now we can recursively define Chern currents ck(E, h, θ) using the identities (1.2), i.e.,
c1(E, h, θ) := −s1(E, h, θ),
c2(E, h, θ) := s1(E, h, θ)
2 − s2(E, h, θ),
...
ck(E, h, θ) :=
∑
k1+···+kt=k
(−1)tskt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ).(1.8)
Theorem 1.1. Let h be a Griffiths positive hermitian metric with analytic singularities on the
holomorphic vector bundle E → X over a complex manifold X of dimension n and let θ be the
first Chern form of a smooth metric on OP(E)(1). Then for k = 1, 2, . . . ck(E, h, θ) and sk(E, h, θ)
defined by (1.6) and (1.8), respectively, are closed normal (k, k)-currents; more precisely they are
locally differences of closed positive currents. Moreover
(1) ck(E, h, θ) and sk(E, h, θ) represent the kth Chern and Segre classes ck(E) and sk(E) of
E, respectively,
(2) ck(E, h, θ) and sk(E, h, θ) coincide with the Chern and Segre forms ck(E, h) and sk(E, h),
respectively, where h is smooth,
(3) the Lelong numbers of ck(E, h, θ) and sk(E, h, θ) at each x ∈ X are independent of θ.
Note that Lelong numbers of ck(E, h, θ) and sk(E, h, θ) are well-defined since the currents are
locally differences of closed positive currents, cf. Section 6.4.
Assume that the unbounded locus of log det h∗ is contained in a variety V of pure codimension
p. Then for k ≤ p, ck(E, h, θ) and sk(E, h, θ) are independent of θ, see Section 8. In general,
however, ck(E, h, θ) and sk(E, h, θ) do depend on θ, cf. Examples 8.1, 8.2 and 8.4.
In [LRRS] the first three authors and Ruppenthal showed that if h is a singular hermitian
metric (not necessarily with analytic singularities) such that the unbounded locus of log deth∗ is
contained in a variety V of pure codimension p, then for k1 + · · ·+ kt ≤ p one can give meaning
to currents skt(E, h) ∧ · · · ∧ sk1(E, h) as limits of skt(E, hεt) ∧ · · · ∧ sk1(E, hε1), where hεj are
smooth metrics approximating h, see Section 7. Analogously to (1.8) one can then define Chern
currents ck(E, h) for k ≤ p. We should remark that this construction cannot be extended to
general k, see Example 8.1.
Theorem 1.2. Let h be a Griffiths positive hermitian metric with analytic singularities on the
holomorphic vector bundle E → X over a complex manifold X and let θ be the first Chern form
of a smooth metric on OP(E)(1). Assume that the unbounded locus of log deth
∗ is contained in
a variety V ⊂ X. Then for k1 + · · ·+ kt ≤ codimV ,
(1.9) skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = skt(E, h) ∧ · · · ∧ sk1(E, h).
In particular ck(E, h, θ) = ck(E, h) for k ≤ codimV .
The paper is organized as follows. In Section 2 we give some background on currents and
classical Monge-Ampe`re products. In Section 3 we introduce mixed Monge-Ampe`re products of
psh functions with analytic singularities generalizing (1.4). Next in Sections 4 and 5 we study
metrics with analytic singularities on line bundles and vector bundles, respectively. The proofs
of Theorems 1.1 and 1.2 occupy Sections 6 and 7, respectively. Finally, in Section 8 we conclude
with some examples and remarks.
2. Preliminaries
Let us first recall some results on (closed positive) currents. If π : X˜ → X is a proper map, µ
is a current on X˜, and α is a smooth form on X, then we have the projection formula
(2.1) α ∧ π∗µ = π∗(π
∗α ∧ µ).
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Moreover, if p is a proper submersion, µ is a current on X, and α is a smooth form on X˜, then
(2.2) p∗α ∧ µ = p∗(α ∧ p
∗µ).
The Poincare´-Lelong formula asserts that if f is a holomorphic function defining a divisor D,
then
ddc log |f |2 = [D],
where [D] is the current of integration along the divisor of f .
Given a subset A ⊂ X, let 1A denote the characteristic function of A. If Z ⊂ X is a subvariety
and T is a closed positive current on X, then the Skoda-El Mir theorem asserts that 1X\ZT is
again positive and closed. It follows that if U ⊂ X is any constructible set, i.e., a set in the
Boolean algebra generated by Zariski open sets in X, then also 1UT is positive and closed. Note
that if U1 and U2 are two constructible sets in X, then
(2.3) 1U1∩U2T = 1U11U2T.
Also, note that if χǫ is any sequence of bounded functions such that χε → 1U pointwise, then by
dominated convergence, 1UT = limε χǫT . It follows that if π is as above, then
(2.4) 1Uπ∗T = π∗(1π−1UT ).
Moreover, if Z ⊂ X is a subvariety (locally) defined by a holomorphic tuple F , then 1X\ZT
equals the analytic continutation to λ = 0 of |F |2λT .
Finally recall that a closed positive (or normal) current of bidegree (k, k) on X that has
support on a subvariety of X of codimension > k vanishes. We refer to this as the dimension
principle. In particular, if W,Z ⊂ X are subvarieties such that W is of pure codimension p and
codim (Z ∩W ) > p, then
(2.5) 1Z [W ] = 0.
2.1. Classical Bedford-Taylor-Demailly Monge-Ampe`re products. Let u1, . . . , um be lo-
cally bounded psh functions on a manifold X and let T be a closed positive current on X. The
classical Bedford-Taylor theory asserts that one can define a closed positive current
ddcum ∧ · · · ∧ dd
cu1 ∧ T
recursively as
(2.6) ddcuk ∧ · · · ∧ dd
cu1 ∧ T := dd
c
(
ukdd
cuk−1 ∧ · · · ∧ dd
cu1 ∧ T
)
,
for k = 1, . . . ,m. This current satisfies the following version of the Chern-Levine-Nirenberg
inequalities, see [De3, Chapter III, Propositions 3.11 and 4.6].
Proposition 2.1. Given compacts L ⊂⊂ K there is a constant CK,L such that for all closed
positive currents T and psh functions v, u1, . . . , um, where u1, . . . , um are locally bounded,
||vddcum ∧ · · · ∧ dd
cu1 ∧ T ||L ≤ CK,L||v||L1(K)||u1||L∞(K) · · · ||um||L∞(K)||T ||K .
Here ‖S‖K is the mass semi-norm of the order zero current S with respect to the compact set
K, see [De3, Chapter III.3].
Recall that the unbounded locus L(u) of a psh function u is the set of points x ∈ X such that
u is unbounded in every neighborhood of x. Note that if u has analytic singularities, then L(u)
is an analytic set, locally defined by F = 0 where u is given by (1.3). Demailly [De] extended
the definition (2.6) to the case when the intersection of the unbounded loci of the uj is small in
a certain sense. The following is a simple corollary of [De3, Chapter III, Theorem 4.5].
Proposition 2.2. Let u1, . . . , um be psh functions on a complex manifold X such that the un-
bounded locus L(uj) is contained in analytic set Zj ⊂ X for each j. Moreover, let T be a closed
positive current of bidegree (p, p) with support contained in an analytic set W ⊂ X. Assume that
codim (Zi1 ∩ · · · ∩ Ziℓ ∩W ) ≥ ℓ+ p
for all choices of 1 ≤ i1 < . . . < iℓ ≤ m. Then umdd
cum−1 ∧ · · · ∧ dd
cu1 ∧ T and dd
cum ∧ · · · ∧
ddcu1 ∧ T are well-defined and have locally finite mass. The latter is a closed positive current.
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These products satisfy the following continuity properties, see, e.g., [De3, Chapter III, Propo-
sition 4.9].
Proposition 2.3. Let uj and T be as in Proposition 2.2. If u
(ι)
j are sequences of psh functions
decreasing to uj, then
u
(ι)
m ddcu
(ι)
m−1 ∧ · · · ∧ dd
cu
(ι)
1 ∧ T → umdd
cum−1 ∧ · · · ∧ dd
cu1 ∧ T
ddcu
(ι)
m ∧ · · · ∧ ddcu
(ι)
1 ∧ T → dd
cum ∧ · · · ∧ dd
cu1 ∧ T.
We have the following generalization of (2.5).
Lemma 2.4. Assume that W ⊂ X is a subvariety of pure codimension p, and assume that
Z ⊂ X is subvariety, such that codimX(Z∩W ) > p. Moreover, assume that b1, . . . , bℓ are locally
bounded psh functions. Then
(2.7) 1Zdd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = 0.
Remark 2.5. Assume that W ⊂ X is a subvariety and U ⊂ X is a constructible set. Then it
follows from Lemma 2.4 that
(2.8) 1Udd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = dd
cbℓ ∧ · · · ∧ dd
cb1 ∧ 1U [W ].
To prove (2.8) we may assume that U is a subset of W and that W is irreducible. We then need
to prove that
1Udd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = dd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ]
if U is dense in W and 1Udd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = 0 otherwise.
To see this, note on the one hand, that if U is not dense in W , then, since W is irreducible,
U is a subvariety of W of positive codimension. Thus
1Udd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = 1U1Udd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = 0
in view of (2.3) and Lemma 2.4. On the other hand, if U is dense in W , i.e., U =W , since U \ U
is a subvariety of W of positive codimension, then again using Lemma 2.4, note that
1Udd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = 1W dd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ]−
1U\U1U\U
ddcbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = dd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ].

Proof of Lemma 2.4. For simplicity assume that X is connected. Let us first assume thatW = X
so that [W ] = 1 and Z ⊂ X is a subvariety of positive codimension. Then the lemma follows by a
small modification of the proof of Corollary 3.3 in [AW]: It is enough to consider the case when Z
is smooth. The general case then follows by stratification. Since it is a local statement, we may
choose coordinates z so that Z = {z1 = · · · = zq = 0}, where q = codimZ. In view of (2.3) it is
enough to prove that 1{z1=0}dd
cbℓ∧· · ·∧dd
cb1 = 0. Notice that in a set |z1| ≤ r, |(z2, . . . , zn)| ≤ r
′,
we have that 1{z1=0}(dd
cbℓ ∧ · · · ∧ dd
cb1) is the value at λ = 0 of
−(|z1|
2λ − 1)(ddcbℓ ∧ · · · ∧ dd
cb1),
cf. the beginning of this section. Since |z1|
2λ − 1 is psh, (2.7) follows from Proposition 2.1 since
the total mass of |z1|
2λ − 1 tends to 0 when λ→ 0.
Next, let us assume that W is smooth. We claim that then
(2.9) ddcbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = i∗(dd
ci∗bℓ ∧ · · · ∧ dd
ci∗b1),
where i is the inclusion i : W → X. Taking this for granted, since dim(Z ∩W ) > p it follows
that i−1Z is a proper subvariety of W and thus 1i−1Zdd
ci∗bℓ∧· · ·∧ i
∗b1 vanishes by the argument
above, and thus in view of (2.4),
1Zdd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = i∗
(
1i−1Zdd
ci∗bℓ ∧ · · · ∧ dd
ci∗b1
)
= 0.
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It is clear that (2.9) holds if the bj are smooth. For general locally bounded and psh bj let b
(ι)
j
be sequences of smooth psh functions decreasing to bj . Then (2.9) follows from the smooth case
and Proposition 2.3.
For the general case, let π : X˜ → X be an embedded resolution of W in X. In particular,
W˜ := π−1Wreg is a smooth manifold of pure codimension p in X˜ and π is a biholomorphism
outside a hypersurface H ⊂ X˜, such π(H∩W˜ ) has codimension > p in X. It follows that outside
π(H ∩ W˜ ), π∗[W˜ ] = [W ], and by the dimension principle this holds everywhere on X.
If bj are smooth, then in view of (2.1)
(2.10) ddcbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = π∗
(
ddcπ∗bℓ ∧ · · · ∧ dd
cπ∗b1 ∧ [W˜ ]
)
.
For general bj (2.10) follows by approximating by sequences of smooth psh functions converging
to bj using Proposition 2.3.
Next let Z˜ = π−1Z. Then Z˜ ∩ W˜ ⊂ X˜ is a subvariety of codimension > p. Indeed, for each
connected component W˜j of W˜ , Z˜ ∩ W˜j is a subvariety of W˜j. Assume that Z˜ ∩ W˜j = W˜j for
some j. Then
Z ∩W ⊃ π(Z˜ ∩ W˜ ) ⊃ π(W˜j);
however π(W˜j) has codimension p, which contradicts that Z ∩W has codimension > p. Thus
Z˜ ∩ W˜j is a proper subvariety of W˜j for each j. Thus, as proved above,
1
Z˜
ddcπ∗bℓ ∧ · · · ∧ dd
cπ∗b1 ∧ [W˜ ] = 0
and, in view of (2.4), we conclude that
1Zdd
cbℓ ∧ · · · ∧ dd
cb1 ∧ [W ] = π∗
(
1
Z˜
ddcπ∗bℓ ∧ · · · ∧ dd
cπ∗b1 ∧ [W˜ ]
)
= 0.

3. Generalized mixed Monge-Ampe`re products
Assume that u1, . . . , um are psh functions with analytic singularities on a complex manifold
X with unbounded loci Z1, . . . , Zm, respectively. Moreover assume that U1, . . . , Um ⊂ X are
constructible sets contained in X \Z1, . . . ,X \Zm, respectively. Inspired by [AW, Section 4] we
consider currents
(3.1) ddcum1Um ∧ · · · ∧ dd
cu11U1
defined recursively as
(3.2) ddcuk1Uk ∧ · · · ∧ dd
cu11U1 := dd
c
(
uk1Ukdd
cuk−11Uk−1 ∧ · · · ∧ dd
cu11U1
)
for k = 1, . . . ,m. In particular, if uj = u and Uj = X \ Zj for all j, then (3.2) coincides with
(1.4). For esthetic reasons, and to emphasize that Uj is associated with uj, we choose to write
(3.1) rather than
ddcum ∧ 1Umdd
cum−1 · · · dd
cu2 ∧ 1U2dd
cu11U1 .
We say that a current of the form 1Udd
cum1Um ∧ · · · ∧ dd
cu11U1 , where U is a constructible set,
is a (closed positive) current with analytic singularities. We also include currents (3.1) with no
factor ddcuj1Uj ; in other words 1U is also a current with analytic singularities. For uj of the
form log |Fj |
2 currents like (3.1) were defined in [ASWY, Section 5]. Note that ddcum1Um ∧ · · · ∧
ddcu11U1 vanishes unless U1 is dense in (at least one connected component of) X.
Proposition 3.2 below asserts that this definition makes sense and that the currents ddcuk1Uk∧
· · · ∧ ddcu11U1 are positive and closed. Moreover, Proposition 3.4 asserts that
(3.3) ddcum1X\Zm ∧ · · · ∧ dd
cu11X\Z1
coincides with ddcum ∧ · · · ∧ dd
cu1, when this current is well-defined, cf. Proposition 2.2. It is
therefore tempting to think of (3.3) as a generalized mixed Monge-Ampe`re product, and just
denote it by ddcum ∧ · · · ∧ dd
cu1. The following example shows, however, that this “product”
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lacks some properties one would naturally ask for of a product. In particular, it is not additive
in the left factor nor commutative.
Example 3.1. Let u1 = log |z1|
2 and u2 = log |z1z2|
2 in X = C2. Then u1 and u2 are psh
with analytic singularities with unbounded loci Z1 = {z1 = 0} and Z2 = {z1 = 0} ∪ {z2 = 0},
respectively. In view of the Poincare´-Lelong formula it follows that
ddcu21X\Z2 ∧ dd
cu11X\Z1 = dd
c
(
u21X\Z2 [z1 = 0]
)
= 0
but
ddcu11X\Z1 ∧ dd
cu21X\Z2 = dd
c
(
u11X\Z1([z1 = 0] + [z2 = 0])
)
= [z1 = 0] ∧ [z2 = 0] = [0],
so that ddcu21X\Z2 ∧ dd
cu11X\Z1 is not commutative in the factors dd
cuj1X\Zj .
Moreover, let u3 = log |z2|
2. Then u3 is psh with analytic singularities with unbounded locus
Z3 = {z2 = 0}. Note that u2 = u1 + u3. Now
ddcu11X\Z1 ∧ dd
cu11X\Z1 + dd
cu31X\Z3 ∧ dd
cu11X\Z1 =
0 + [z2 = 0] ∧ [z1 = 0] = [0] 6= dd
cu21X\Z2 ∧ dd
cu11X\Z1 .

Proposition 3.2. Let uj and Uj be as above. Assume that dd
cuk1Uk∧· · ·∧dd
cu11U1 is inductively
defined via (3.2). Let u
(ι)
k+1 be a sequence of smooth psh functions in X decreasing to uk+1. Then
uk+11Uk+1dd
cuk1Uk ∧ · · · ∧ dd
cu11U1 := lim
ι
u
(ι)
k+11Uk+1dd
cuk1Uk ∧ · · · ∧ dd
cu11U1
has locally finite mass and does not depend on the choice of sequence u
(ι)
k+1. Moreover dd
cuk+11Uk+1∧
· · · ∧ ddcu11U1 , defined by (3.2), is positive and closed.
Remark 3.3. Note that Proposition 3.2 asserts that if T is current with analytic singularities, u
is a psh function with analytic singularities with unbounded locus Z, and U is a constructible
set contained in X \ Z, then
ddcu ∧ 1UT := dd
c(u1UT )
is a well-defined current with analytic singularities. 
The proof is a generalization of the proof of Proposition 4.1 in [AW].
Proof. Since the statement is local we may assume that uj = log |Fj |
2+vj . Moreover without loss
of generality we may assume that X is connected and that U1 is dense in X, and thus 1U1 = 1
as a distribution. Indeed, otherwise ddcuk1Uk ∧ · · · ∧ dd
cu11U1 = 0.
Let π : X˜ → X be a smooth modification such that locally on X˜ , π∗Fj = fjf
′
j, where fj is
a holomorphic function and f ′j is a nonvanishing tuple of holomorphic functions, for each j. It
follows that π∗uj = log |fj|
2 + bj , where bj := log |f
′
j|
2 + π∗vj is psh and locally bounded, cf. the
proof of Proposition 4.1 in [AW]. Note that for two different local representations, the fj differ
by a nonvanishing holomorphic factor, and thus the bj differ by a pluriharmonic term. Therefore
the local divisors {fj = 0} define a global divisor Dj on X˜, such that π
−1Zj = |Dj | and moreover
the currents ddcbj define a global positive current on X˜. By the Poincare´-Lelong formula
ddcπ∗uj = [Dj ] + dd
cbj .
Let u
(ι)
1 be a sequence of smooth psh functions decreasing to u1. Since π is a modification
ddcu
(ι)
1 = π∗(dd
cπ∗u
(ι)
1 )→ π∗
(
ddcπ∗u1
)
= π∗
(
[D1] + dd
cb1
)
and it follows that
ddcu1 = π∗
(
[D1] + dd
cb1
)
.
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Let us now assume that we have proved that uk1Ukdd
cuk−11Uk−1∧· · ·∧dd
cu11U1 is well-defined
with the desired properties and that ddcuk1Uk ∧ · · · ∧ dd
cu11U1 is the pushforward of
(3.4)
∑
I={i1,...,is}⊂{1,...,k}
ddcbI ∧ [VI ],
where ddcbI = dd
cbis ∧ · · · ∧ dd
cbi1 and VI are analytic cycles of pure codimensions k − s on
X˜ . Since the bj are determined up to addition by a pluriharmonic term, each dd
cbI ∧ [VI ] is a
globally defined current on X˜, cf. Section 2.1.
We will prove that:
(i) uk+11Uk+1dd
cuk1Uk ∧ · · · ∧ dd
cu11U1 := limι u
(ι)
k+11Uk+1dd
cuk1Uk ∧ · · · ∧ dd
cu11U1 has locally
finite mass and is independent of u
(ι)
k+1,
(ii) the current
ddcuk+11Uk+1 ∧ · · · ∧ dd
cu11U1 := dd
c
(
uk+11Uk+1dd
cuk1Uk ∧ · · · ∧ dd
cu11U1
)
,
is the pushforward of a current of the form (3.4).
As soon as (i) and (ii) are verified, the proposition follows by induction.
Note that U˜j := π
−1Uj is a constructible set in X˜ . Let us consider one summand dd
cbI ∧ [VI ]
in (3.4). Let V ′I be the union of the irreducible components V
j
I of VI such that U˜k+1 ∩ V
j
I is
dense in V jI . Then in view of Remark 2.5
1
U˜k+1
ddcbI ∧ [VI ] = dd
cbI ∧ [V
′
I ].
We claim that |Dk+1|∩|V
′
I | has positive codimension in |V
′
I |. To see this let V
j
I be an irreducible
component of |V ′I |. Then either V
j
I ⊂ |Dk+1| or |Dk+1| ∩ V
j
I has positive codimension in V
j
I .
However V jI cannot be contained in |Dk+1| since U˜k+1 ∩ V
j
I ⊂ (X˜ \ |Dk+1|) ∩ V
j
I is dense in V
j
I ;
this proves the claim.
Since codim (|V ′I | ∩ |Dk+1|) > codim |V
′
I |, by Proposition 2.2, π
∗uk+1dd
cbI ∧ [V
′
I ] has locally
finite mass and by Proposition 2.3,
π∗u
(ι)
k+1dd
cbI ∧ [V
′
I ]→ π
∗uk+1dd
cbI ∧ [V
′
I ]
if u
(ι)
k+1 is any sequence of psh functions decreasing to uk+1. If u
(ι)
k+1 are smooth, using (2.1), that
π−1Uk+1 = U˜k+1, and (2.4), we get
u
(ι)
k+11Uk+1dd
cuk1U1 ∧ · · · ∧ dd
cu11U1 = π∗
(
π∗u
(ι)
k+1
∑
I
ddcbI ∧ [V
′
I ]
)
.
Proposition 2.3 then yields
(3.5) uk+11Uk+1dd
cuk1Uk ∧ · · · ∧ dd
cu11U1 = π∗
(
π∗uk+1
∑
I
ddcbI ∧ [V
′
I ]
)
.
Clearly the right hand side has locally finite mass, and thus (i) is verified.
We now consider (ii). Since the local representation π∗Fj = fjf
′
j is determined up to multi-
plication by a pluriharmonic factor, it follows, e.g., from Proposition 2.3 that
(3.6) ddcπ∗uk+1 ∧ dd
cbI ∧ [V
′
I ] = dd
c log |fk+1|
2 ∧ ddcbI ∧ [V
′
I ] + dd
cbk+1 ∧ dd
cbI ∧ [V
′
I ],
cf. the proof of Proposition 4.1 in [AW]. The second term is clearly of the desired form. Since
Dk+1 and V
′
I intersect properly, [Dk+1] ∧ [V
′
I ] is the current of integration of a cycle V of pure
codimension k − s+ 1, cf. [De3, Chapter III, Proposition 4.12]. Thus
(3.7) ddc log |fk+1|
2 ∧ ddcbI ∧ [V
′
I ] = [Dk+1] ∧ dd
cbI ∧ [V
′
I ] = dd
cbI ∧ [V ].
This proves (ii). 
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Proposition 3.4. Let u1, . . . , um be psh functions with analytic singularities with corresponding
unbounded loci Z1, . . . , Zm. Assume that
(3.8) codim (Zi1 ∩ · · · ∩ Ziℓ) ≥ ℓ,
for each choice of 1 ≤ i1 < · · · < iℓ ≤ m. Then
(3.9) ddcum1X\Zm ∧ · · · ∧ dd
cu11X\Z1 = dd
cum ∧ · · · ∧ dd
cu1,
where the right hand side is defined in the sense of Bedford-Taylor-Demailly.
Proof. The statement is local, so it is enough to asssume that X is a fixed relatively compact
coordinate neighborhood of any given point. We let uNm := max(um,−N), which is psh and
decreases pointwise to um when N →∞. Since um has analytic singularities, u
N
m ≡ −N in some
neighborhood of Zm. We let u
N,ε
m be obtained from uNm through convolution with an approximate
identity, so that uN,εm is smooth, psh and decreases pointwise to uNm when ε→ 0. Since u
N
m ≡ −N
in a neighborhood of Zm, it follows that u
N,ε
m ≡ −N in some smaller neighborhood of Zm when ε
is small enough. We can thus find a sequence u
(ι)
m of smooth psh functions decreasing pointwise
to um such that each u
(ι)
m is constant in some neighborhood of Zm.
We then get that
ddcum1X\Zm ∧ (dd
cum−1 ∧ · · · ∧ dd
cu1) = lim
ι
ddcu(ι)m ∧ 1X\Zm(dd
cum−1 ∧ · · · ∧ dd
cu1) =
lim
ι
ddcu(ι)m ∧ dd
cum−1 ∧ · · · ∧ dd
cu1 = dd
cum ∧ dd
cum−1 ∧ · · · ∧ dd
cu1,
where the first and third equalities follow from the definition of the first respectively last current,
and the second equality follows since u
(ι)
m is smooth and constant in a neighborhood of Zm. The
proposition then follows by induction over m. 
Recall that a function q is quasiplurisubharmonic (qpsh) if it is of the form q = u+ a, where
u is psh and a is smooth. We say that the qpsh function q has analytic singularities if u has
analytic singularities. The unbounded locus of q is defined as the unbounded locus of u.
Lemma 3.5. Let T be a current with analytic singularities, let q be a qpsh function with analytic
singularities with unbounded locus Z, and let U ⊂ X \ Z be a constructible set. Then,
q1UT := u1UT + a1UT
is independent of the decomposition q = u+ a, where u is psh and a is smooth.
Proof. Let q = u1 + a1 = u2 + a2 be two decompositions of q such that uj are psh and aj
are smooth. The statement is local. Therefore we may approximate q by convoluting with a
sequence of regularizing kernels ρ(ι) so that for j = 1, 2, u
(ι)
j := uj ∗ ρ
(ι) is a sequence of smooth
psh functions decreasing to uj , and a
(ι)
j := aj ∗ ρ
(ι) is a sequence of smooth functions converging
to aj , and for each ι, u
(ι)
1 + a
(ι)
1 = u
(ι)
2 + a
(ι)
2 . Thus in light of Proposition 3.2 we get
u11UT + a11UT = lim
ι
(
u
(ι)
1 1UT + a
(ι)
1 1UT
)
= lim
ι
(
u
(ι)
2 1UT + a
(ι)
2 1UT
)
= u21UT + a21UT.

Let u be a psh function with analytic singularities with unbounded locus Z, let α be a closed
smooth (1, 1)-form, and let T be a current (locally) of the form
(3.10) T =
∑
βi ∧ Ti,
where the sum is finite, βi are closed smooth forms, and Ti are currents with analytic singularities.
We define the operator T 7→ [ddcu]α ∧ T by
[ddcu]α ∧ T := dd
cu ∧ 1X\ZT + α ∧ 1ZT := dd
c(u1X\ZT ) + α ∧ 1ZT.
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By Remark 3.3 this is a well-defined current of the form (3.10). Using that 1X\Z(α
ℓ∧1Z(dd
cu)k) =
0 for k, ℓ ≥ 0, we get that
(3.11) [ddcu]mα = [dd
cu]α ∧ [dd
cu]m−1α ,
where [ddcu]mα is defined by (1.5).
Next, for currents T of the form (3.10) we define operators T 7→ [ddcu]mα ∧ T recursively by
(3.12) [ddcu]kα ∧ T := [dd
cu]α ∧ [dd
cu]k−1α ∧ T.
Again by Remark 3.3 these are currents of the form (3.10). In particular, if u1, . . . , ut are psh
functions with analytic singularities, and α1, . . . , αt are closed smooth (1, 1)-forms, the current
[ddcut]
mt
αt
∧ · · · ∧ [ddcu1]
m1
α1
is a well-defined current of the form (3.10).
Note that if β is a closed smooth form, then
[ddcu]kα ∧ β ∧ T = β ∧ [dd
cu]kα ∧ T.
Indeed, multiplication with 1U and dd
cu commutes with multiplication with closed smooth forms.
Remark 3.6. Recall that if (X,ω) is a compact Ka¨hler manifold, then a function φ : X → R ∪
{−∞} is called ω-plurisubharmonic (ω-psh) if locally the function g + φ is psh, where g is a
local potential for ω, i.e., ω = ddcg. Moreover φ is said to have analytic singularities if the
functions g + φ have analytic singularities. If φ is an ω-psh function with analytic singularities,
we can define a global positive current (ω + ddcφ)k, by locally defining it as (ddc(g + φ))k, see
[ABW, Lemma 5.1]. Analogously to (1.5) we can define
[ω + ddcφ]mω := (ω + dd
cφ)m +
m−1∑
k=0
ωm−k ∧ 1Z(ω + dd
cφ)k,
where Z is the unbounded locus of φ, cf. [ABW]. With this notation, Theorem 1.2 in [ABW] can
be formulated as:
Let φ be an ω-psh function with analytic singularities on a compact Ka¨hler manifold (X,ω) of
dimension n. Then ∫
X
[ω + ddcφ]nω =
∫
X
ωn.

4. Hermitian metrics with analytic singularities on line bundles
Let L → X be a holomorphic line bundle. A singular hermitian metric on L, as introduced
by Demailly [De4], is a hermitian metric h defined outside a zero set in X, such that if ϑ : L|U →
U × C is a local trivialization of L and ξ is a local section, then ‖ξ‖2h = |ϑ(ξ)|
2e−ϕ, where ϕ
is a locally integrable function in U called the (local) weight of h with respect to ϑ, see, e.g.,
[L, Chapter 9.4.D]. The metric h is often denoted by e−ϕ or just ϕ. If ϑ′ : L|U ′ → U
′ × C is
another local trivialization, with transition function g, then in U ∩ U ′ the corresponding weight
ϕ′ satisfies
(4.1) ϕ′ = ϕ+ log |g|2.
From (4.1) and the local integrability of the weights it follows that the curvature current
Θh = ∂∂¯ϕ is a well-defined global current on X. The Chern form c1(L, h) = (i/2π)Θh = dd
cϕ
represents the Chern class c1(L).
The metric e−ϕ is positive if the weights ϕ are psh. We say that a positive singular metric
e−ϕ has analytic singularities if the weights ϕ have analytic singularities. In view of (4.1) there
is a well-defined associated unbounded locus Z ⊂ X, that is a subvariety of X, locally defined as
the unbounded loci of the ϕ. Since the local weights are integrable it follows that Z has positive
codimension in X.
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Example 4.1. Assume that s1, . . . , sN are nontrivial holomorphic sections of a line bundle L→ X.
Then h = e−ϕ with
ϕ = log
N∑
j=1
|sj|
2
is a positive metric with analytic singularities, cf. [De4, Example 2.4]. In other words, if ϑ :
L|U → U ×C is a local trivialization and ξ is a local section, then
‖ξ‖2h =
|ϑ(ξ)|2∑N
j=1 |ϑ(sj)|
2
.

Lemma 4.2. Assume that ϕ1, . . . , ϕt are positive metrics with analytic singularities of line bun-
dles L1, . . . Lt over X with unbounded loci Z1, . . . , Zt, respectively. If U1, . . . , Ut are constructible
sets contained in X \Z1, . . . ,X \Zt, respectively, and θ1, . . . , θt are closed (1, 1)-forms, then the
a priori locally defined currents
(4.2) ddcϕt1Ut ∧ · · · ∧ dd
cϕ11U1 ,
(4.3) [ddcϕt]
mt
θt
∧ · · · ∧ [ddcϕ1]
m1
θ1
are globally defined currents; (4.2) has analytic singularities and (4.3) is of the form (3.10).
Proof. Since the local weights of ϕj are psh functions with analytic singularities, (4.2) and (4.3)
are locally well-defined and of the desired form in view of Section 3. Since two local weights
differ by a pluriharmonic function, cf. (4.1), it follows using Lemma 3.5 that they are globally
defined. 
If ϕj = ϕ, with singular set Z, and Uj = X \ Z for all j, we write (dd
cϕ)t for the generalized
Monge-Ampe`re product (4.2), cf. (1.4).
For the proofs of Theorems 1.1 and 1.2 we will need the following results.
Proposition 4.3. Let ϕ1, . . . , ϕt be hermitian metrics with analytic singularities on holomorphic
line bundles L1, . . . , Lt, respectively, over a complex manifold X. Moreover, let θ1, . . . , θt be first
Chern forms of smooth metrics on L1, . . . , Lt, respectively. Then
(4.4) [ddcϕt]
mt
θt
∧ · · · ∧ [ddcϕ1]
m1
θ1
= θmtt ∧ · · · ∧ θ
m1
1 + dd
cS,
where S is a current on X.
Proof. In view of (3.12) we may assume that mj = 1 for j = 1, . . . , t. Assume that θj is the first
Chern form of the smooth metric ψj. Then note that ϕj − ψj defines a global qpsh function on
X for each j, cf. (4.1).
Let T be a current of the form (3.10). Then
(4.5) [ddcϕj ]θj ∧ T = dd
c(ϕj1X\ZjT ) + θj ∧ 1ZjT =
ddc(ϕj1X\ZjT )− θj ∧ 1X\ZjT + θj ∧ T = dd
c
(
(ϕj − ψj)1X\ZjT
)
+ θj ∧ T,
where we have used that ddcψj = θj, Lemma 3.5, and that 1X\ZjT is closed for the last equality.
Assume that t = 1. Then it follows from (4.5) (applied to T = 1 and j = 1) that (4.4) holds
with S = (ϕ1 − ψ1)1X\Z1 . In fact, S = ϕ1 − ψ1 since Z1 has positive codimension in X. Next
assume that (4.4) holds for t = κ. Then (4.5) (applied to T = [ddcϕκ]θκ ∧ · · · ∧ [dd
cϕ1]θ1 and
j = κ+ 1) gives
[ddcϕκ+1]θκ+1 ∧ · · · ∧ [dd
cϕ1]θ1 = dd
cU + θκ+1 ∧ [dd
cϕκ]θκ ∧ · · · ∧ [dd
cϕ1]θ1 =
ddcU + θκ+1 ∧
(
θκ ∧ · · · ∧ θ1 + dd
cS
)
= θκ+1 ∧ · · · ∧ θ1 + dd
c(U + θκ+1 ∧ S),
where
U = (ϕκ+1 − ψκ+1)1X\Zj [dd
cϕκ]θκ ∧ · · · ∧ [dd
cϕ1]θ1 .
Thus (4.4) holds for t = κ+ 1 and the lemma follows by induction. 
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Lemma 4.4. Let ϕ be a positive metric with analytic singularities on a holomorphic line bundle
L over a complex manifold X, and let θ be the first Chern form of a smooth metric on L. Let
ϕε be a sequence of smooth positive metrics decreasing to ϕ and let ωǫ be the corresponding first
Chern forms. Moreover, let T be a current of the form (3.10), and let β be a test form such that
the support of ddcβ does not intersect the unbounded locus Z of ϕ. Then
(4.6)
∫
X
[ddcϕ]mθ ∧ T ∧ β = lim
ε→0
∫
X
ωmε ∧ T ∧ β.
Proof. Assume that θ is the first Chern form of the smooth metric ψ. First note that for any
current S of the form (3.10)
(4.7) [ddcϕ]θ ∧ S − ωε ∧ S = dd
c(ϕ1X\ZS) + θ ∧ 1ZS − ωε ∧ S =
ddc
(
(ϕ − ϕε)1X\ZS
)
+ ddc
(
(ψ − ϕε)1ZS
)
.
Since ϕ−ϕε and ψ− ϕε are globally defined qpsh functions, cf. (4.1), in view of Lemma 3.5 the
currents on the last line of (4.7) are globally defined currents of the form (3.10).
By applying (4.7) to S = [ddcϕ]ℓ−1θ ∧ T for ℓ = 1, . . . ,m, it follows that
(4.8) [ddcϕ]mθ ∧ T − ω
m
ε ∧ T =
m∑
ℓ=1
ωm−ℓε ∧
(
[ddcϕ]ℓθ ∧ T − ωε ∧ [dd
cϕ]ℓ−1θ ∧ T
)
=
m∑
ℓ=1
ωm−ℓε ∧ dd
c
(
(ϕ− ϕε)1X\Z [dd
cϕ]ℓ−1θ ∧ T
)
+
m∑
ℓ=1
ωm−ℓε ∧ dd
c
(
(ψ − ϕε)1Z [dd
cϕ]ℓ−1θ ∧ T
)
.
Again, the currents in the last line are well-defined global currents by Lemma 3.5.
Let us integrate one of the currents in the second sum against β. Then by Stokes’ theorem∫
X
ωm−ℓε ∧ dd
c
(
(ψ − ϕε)1Z [dd
cϕ]ℓ−1θ ∧ T
)
∧ β =∫
X
ωm−ℓε ∧ (ψ − ϕε)1Z [dd
cϕ]ℓ−1θ ∧ T ∧ dd
cβ = 0,
where the last equality follows since supp(1Z [dd
cϕ]ℓ−1θ ∧ T ) ⊂ Z is disjoint from supp dd
cβ.
Outside Z, the current
ωm−ℓε ∧ (ϕ− ϕε)1X\Z [dd
cϕ]ℓ−1θ ∧ T = (ϕ− ϕε)(dd
cϕε)
m−ℓ ∧ 1X\Z [dd
cϕ]ℓ−1θ ∧ T
converges weakly to 0 by Proposition 2.3. Thus, integrating one of the terms in the first sum in
the last line of (4.8) against β and taking the limit gives
lim
ε→0
∫
X
ωm−ℓε ∧ dd
c
(
(ϕ− ϕε)1X\Z [dd
cϕ]ℓ−1θ ∧ T
)
∧ β =
lim
ε→0
∫
X
ωm−ℓε ∧ (ϕ− ϕε)1X\Z [dd
cϕ]ℓ−1θ ∧ T ∧ dd
cβ = 0.
Now (4.6) follows by integrating (4.8) against β and taking the limit. 
5. Hermitian metrics with analytic singularities on vector bundles
Let E → X be a holomorphic vector bundle over a complex manifold X. A singular hermitian
metric h on E in the sense of Berndtsson-Pa˘un, [BP], is a measurable function from X to the
space of nonnegative hermitian forms on the fibers. The hermitian forms are allowed to take the
value ∞ at some points in the base (i.e., the norm function ‖ξ‖h is a measurable function with
values in [0,∞]), but for any fiber Ex the subset E0 := {ξ ∈ Ex ; ‖ξ‖h(x) <∞} has to be a linear
subspace, and the restriction of the metric to this subspace must be an ordinary hermitian form.
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Every singular hermitian metric h on E induces a canonical dual singular hermitian metric
h∗ on E∗ such that (h∗)∗ = h under the natural isomorphism (E∗)∗ ∼= E, see, e.g., [LRRS,
Lemma 3.1]. Following [BP, Section 3] we say that h is Griffiths negative if the function1
χh(x, ξ) := log ‖ξ‖
2
h(x)
is psh on the total space of E. Moreover we say that h is Griffiths positive if the dual metric h∗
on E∗ is negative.
Proposition 5.1. Let h be a singular hermitian metric on a holomorphic vector bundle E. Let
0E denote the zero section of E. Then the following conditions are equivalent.
(1) h is Griffiths negative, i.e., χh is psh on the total space of E,
(2) χh is psh on E \ 0E,
(3) the function x 7→ log ‖u(x)‖2
h(x) is psh for each local section u of E,
(4) log ‖u‖2h is psh for each local nonvanishing section u of E.
Proof. We first prove that (3) is equivalent to (1) and that (4) is equivalent to (2). Note that if
u is a local holomorphic section of E, then log ‖u(x)‖2
h(x) = χh ◦ u(x). Thus if χh is psh, then so
is log ‖u‖2h, since u is a holomorphic map. Hence (1) implies (3). If u 6= 0, then it is enough that
χh is psh on E \ 0E in order for u to be psh. Thus (2) implies (4).
For the converses, since plurisubharmonicity is a local property, we may assume that X is an
open subset of Cn and that E = X ×Cr. To prove that χh is psh it is then sufficient to prove
that χh ◦ γ(t) is subharmonic on (the restriction to E of) any complex line γ(t) in C
n ×Cr. We
let γ0 and γ1 denote the components of γ in C
n and Cr, respectively. If γ0(t) is constant then
χh ◦ γ(t) = log ‖γ1(t)‖
2
h(γ0(t))
= log ‖γ1(t)‖
2
h0
,
where h0 is the constant metric h(γ0). If ‖u‖
2
h is psh for all u, then h0 has to be finite, and thus
since γ1(t) is a holomorphic curve, it follows that χh ◦ γ is subharmonic. If γ0(t) is not constant,
then note that γ1(t) = u ◦ γ0(t) for some (linear) holomorphic function u, that can be extended
to a holomorphic section on X. Thus
χh ◦ γ(t) = log ‖γ1(t)‖
2
h(γ0(t))
= log ‖u ◦ γ0(t)‖
2
h(γ0(t))
= log ‖u‖2h ◦ γ0(t).
Since γ0 is holomorphic, χh ◦ γ is subharmonic if ‖u‖
2
h is psh. Hence (3) implies (1). To show
that χh is psh outside the zero section of E, u can be chosen nonvanishing, and thus (2) follows
from (4).
Next we prove that (1) is equivalent to (2). Clearly (1) implies (2). To prove the converse
assume that χh is psh on E \ 0E . Then ‖ξ‖
2
h(x) is finite on E \ 0E and thus by homogeneity
it must vanish on 0E , which means that χh|0E ≡ −∞. It follows that χh trivially satisfies the
sub-mean value property at each point of 0E .
To prove that χh is upper semicontinuous at 0E , choose (x0, ξ0) ∈ 0E and let (xk, ξk) be a
sequence of points converging to (x0, ξ0). We need to prove that limk χh(xk, ξk) = −∞. As
above, we may assume that X is an open subset of Cnx and E = X × C
r
ξ, and moreover that
0E = {ξ = 0} and (x0, ξ0) = (0, 0). Also we may assume that (xk, ξk) are contained in the set
{|x| ≤ 1, |ξ| ≤ 1}. Let C be the compact “cylinder”
C = {|x| ≤ 1, |ξ| = 1}.
Since χh is psh and thus upper semi-continuous outside 0E , χh|C ≤ M for some M < ∞. By
homogeneity it follows that
χh(xk, ξk) ≤M + log |ξk|
2 → −∞.
Thus χh(x, ξ) is upper semicontinuous at 0E and hence it is psh in E. 
1The function χh is sometimes called the logarithmic indicatrix of the (Finsler) metric h, see, e.g., [De2].
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Let π : P(E) → X denote the projectivization of E, i.e., the projective bundle of lines in the
dual bundle E∗ of E, i.e., P(E)x = P(E
∗
x). The pullback bundle π
∗E∗ → P(E) then carries a
tautological line bundle
OP(E)(−1) = {(x, [ξ]; v), v ∈ Cξ} ⊂ π
∗E∗.
Let eϕ denote the restriction of π∗h∗ to OP(E)(−1). Then e
−ϕ is the dual metric on the dual
line bundle OP(E)(1). If E is a line bundle, then OP(E)(1) ∼= E and e
−ϕ ∼= h.
Let us describe ϕ in a local trivialization. After possibly shrinking X we may assume that
E = X ×Cr; then P(E) = X ×Pr−1. For i = 1, . . . , r, let
Ui = {(x, [ξ]) ∈ P(E), ξi 6= 0}.
Then {Ui} is an open cover of P(E) and OP(E)(−1) is defined by the trivializations
ϑi : OP(E)(−1)|Ui → Ui ×C, (x, [ξ]; v) 7→ (x, [ξ]; vi).
Now, on Ui,
(5.1) ‖v‖2π∗h∗(x,[ξ]) = |ϑi(v)|
2eϕi(x,[ξ]) = |vi|
2eϕi(x,[ξ]).
Moreover, since π∗h∗ is a pullback metric
(5.2) ‖v‖π∗h∗(x,[ξ]) = ‖v‖h∗(x).
By applying (5.1) and (5.2) to v = ξ we get
(5.3) ϕi(x, [ξ]) = log ‖ξ/ξi‖
2
h∗(x) = χh∗(x, ξ/ξi).
Note that this is well-defined since the second and third expressions only depend on [ξ].
Proposition 5.2. Let h be a singular hermitian metric on a holomorphic vector bundle E. Then
h is Griffiths positive if and only if the induced singular metric e−ϕ on OP(E)(1) is positive.
Proof. Since this is a local statement we may assume that we are in the situation above. Then
e−ϕ is positive if and only if ϕi is psh on Ui for all i. Moreover, by Proposition 5.1, h is Griffiths
positive if and only if χh∗(x, ξ) is psh on E or equivalently on E \ 0E .
Since ξi 6= 0 on Ui, in view of (5.3), ϕi is psh there if χh∗ is psh. Thus e
−ϕ is positive if
h is Griffiths positive. For the converse, if (x, ξ) ∈ E \ 0E , then ξi 6= 0 for some i in some
neighborhood U of (x, ξ). Then, by (5.3),
(5.4) χh∗(x, ξ) = χh∗(x, ξ/ξi) + log |ξi|
2 = ϕi(x, [ξ]) + log |ξi|
2
there. Since ξ → [ξ] is holomorphic and log |ξi|
2 is pluriharmonic where ξi 6= 0, it follows that
χh∗ is psh in U if ϕi is psh. We conclude that h is Griffiths positive if e
−ϕ is positive. 
Definition 5.3. We say that a Griffiths positive hermitian metric has analytic singularities if
the induced positive metric e−ϕ on OP(E)(1) has analytic singularities.
Proposition 5.4. Let h be a Griffiths positive hermitian metric on a holomorphic vector bundle
E. Then h has analytic singularities if and only if χh∗ is psh with analytic singularities on E\0E .
Proof. Let us assume that we are in the local situation above. Then h has analytic singularities if
and only if ϕi are psh with analytic singularities for all i. In view of the proof of Proposition 5.2
this is in turn equivalent to that χh∗ is psh with analytic singularities on E \ 0E . 
We do not know whether it is possible to express analytic singularities of h in terms (of analytic
singularities) of the functions log ‖u‖2h.
Example 5.5. In [H, Example 3.6] Hosono constructed a family of examples of singular hermitian
metrics that generalize the metrics in Example 4.1: Assume that E → X is a holomorphic
vector bundle with global holomorphic sections s1, . . . , sN . Let s be the morphism from the dual
bundle E∗ to the trivial bundle X ×CN given by (x, ξ) 7→ (s1(x, ξ), . . . , sN (x, ξ)) and let h
∗ be
the pullback under s of the trivial metric on X ×CN , i.e.,
〈ξ, η〉h∗(x) := 〈s(x, ξ), s(x, η)〉.
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Then
‖ξ‖2h∗(x) = |s(x, ξ)|
2 =
∑
j
|sj(x, ξ)|
2.
It follows that χh∗(ξ, x) = log |s(x, ξ)|
2 is psh with analytic singularities on E∗. Thus by Proposi-
tion 5.4 the dual metric h of h∗ on E = (E∗)∗ is Griffiths positive with analytic singularities. 
Given a Griffiths positive singular metric h, log deth∗ is psh, see [R, Proposition 1.3], and we
can define the degeneracy locus of h as the unbounded locus of log det h∗. The following lemma
gives alternative definitions in terms of (the unbounded loci) of χh∗ and ϕ.
Lemma 5.6. Assume that h is a Griffiths positive singular metric on E → X. Then, using the
notation from above and denoting the projection E∗ → X by p,
(5.5) L(log deth∗) = p
(
L(χh∗) \ 0E
)
= π
(
L(ϕ)
)
.
In particular, it follows that if h has analytic singularities, then the degeneracy locus of h is a
subvariety of X.
Proof. In view of (5.4), (x, ξ) ∈ E \ 0E is in L(χh∗) if and only if (x, [ξ]) ∈ P(E) is in L(ϕ), and
thus the second equality in (5.5) follows. The inclusion π
(
L(ϕ)
)
⊂ L(log deth∗) is an immediate
consequence of Lemma 3.7 in [LRRS].
Thus it remains to prove that
(5.6) L(log deth∗) ⊂ p
(
L(χh∗) \ 0E
)
.
Since the statement is local we may assume that E = X ×Cr. Take x ∈ L(log deth∗). Then, by
definition there is a sequence xk → x such that log deth
∗(xk)→ −∞. This means that there is a
sequence εk → 0 such that det h
∗(xk) < ε
r
k, which implies that h
∗(xk) has at least one eigenvalue
less than εk. Thus there are ξk ∈ E
∗
xk
= Cr such that ‖ξk‖Cr = 1 and ‖ξk‖h∗(xk) < εk. Since
‖ξk‖Cr = 1, {ξk} has at least one accumulation point ξ in C
r and thus we can find a subsequence
(xk, ξk) → (x, ξ). Since ‖ξk‖h∗(xk) → 0, (x, ξ) ∈ L(χh∗). Moreover, since ‖ξk‖Cr = 1, ‖ξ‖Cr 6= 0
and thus x ∈ p
(
L(χh∗) \ 0E
)
, which proves (5.6). 
6. Construction of Segre and Chern currents, proof of Theorem 1.1
6.1. Construction, basic properties. Assume that X is a complex manifold of dimension n,
that E → X is a holomorphic vector bundle of rank r, and that h is a Griffiths positive hermitian
metric with analytic singularities on E. Let π : P(E) → X be the projectivization of E and let
ϕ denote the metric on L := OP(E)(1)→ P(E) induced by h. Then ϕ has analytic singularities,
cf. Definition 5.3; let Z ⊂ P(E) denote the unbounded locus of ϕ. Moreover, assume that ψ is a
smooth metric on L and let θ be the corresponding first Chern form.
Next, let E1, . . . , Et be t disjoint copies of E, let πi denote the projections P(Ei)→ X, and pi
the identifications P(Ei)→ P(E). Let ϕ˜i denote the metric p
∗
iϕ on L˜i := p
∗
iL→ P(Ei) induced
by h with unbounded locus Z˜i := p
−1
i (Z) and let θ˜i = p
∗
i θ and ψ˜i = p
∗
iψ. Moreover, let Y be the
fiber product
Y = P(Et)×X · · · ×X P(E1),
with projections ̟i : Y → P(Ei) and π : Y → X. Let ϕi denote the pullback metric ̟
∗
i ϕ˜i on
Li := ̟
∗
i L˜i with unbounded locus Zi := ̟
−1
i (Z˜i) and let θi = ̟
∗
i θ˜i and ψi = ̟
∗
i ψ˜i. Now, in
view of Lemma 4.2, (1.7) is a well-defined (k, k)-current.
Remark 6.1. Let V be the degeneracy locus of h. Then in Y \ π−1V , ϕj are locally bounded by
Lemma 5.6, and thus
[ddcϕt]
kt+r−1
θt
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ1
= (ddcϕt)
kt+r−1 ∧ · · · ∧ (ddcϕ1)
k1+r−1,
where the right hand side is locally defined in the sense of Bedford-Taylor. Hence outside V ,
skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = (−1)
kπ∗
(
(ddcϕt)
kt+r−1 ∧ · · · ∧ (ddcϕ1)
k1+r−1
)
;
in particular it is independent of θ, and thus so are ck(E, h, θ) and sk(E, h, θ). 
16 RICHARD LA¨RKA¨NG & HOSSEIN RAUFI & MARTIN SERA & ELIZABETH WULCAN
Lemma 6.2. Let X, E, and h be as above. Given x ∈ X, there is a neighborhood x ∈ U ⊂ X
such that in U ,
skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = S+ − S−,
where S+, S− are closed positive currents.
In view of (1.8), it follows that sk(E, h, θ) and ck(E, h, θ) are differences of positive closed
(k, k)-currents; this proves the first part of Theorem 1.1.
Proof. Let us use the notation from above. Since the statement is local we may assume that X is
an open neighborhood of x in Cn and that E = X×Cr is a trivial bundle. Then P(Ej) ∼= X×Yj,
where Yj ∼= P
r−1. Let ρj be the projection P(Ej)→ P
r−1. Moreover, let ωFS denote the Fubini-
Study metric on Pr−1, let ω0 be the standard Euclidean metric on X, and let ωj = ρ
∗
jωFS+π
∗
jω0.
Then for some large enough C > 0, there is a neighborhood x ∈ U ⊂ X, such that α˜j := Cωj
satisfies that
β˜j := α˜j + θ˜j ≥ 0
in π−1j U ⊂ P(Ej) for each j. Let αj = ̟
∗
j α˜j and βj = ̟
∗
j β˜j be the corresponding closed
(1, 1)-forms on π−1U ⊂ Y , so that θj = βj − αj .
We claim that in π−1U , for mj ≥ 1,
[ddcϕt]
mt
θt
∧ · · · ∧ [ddcϕ1]
m1
θ1
= T+ − T−,
where T± are closed positive currents with analytic singularities, cf. the beginning of Section 3.
Then in view of (1.7), skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) is of the desired form in U .
To prove the claim, first note that if m1 = 0, then,
[ddcϕ1]
m1
θ1
= [ddcϕ1]
0
θ1
= 1 ≥ 0.
Next, assume that
T := [ddcϕκ]
mκ−1
θκ
∧ · · · ∧ [ddcϕ1]
m1
θ1
= T+ − T−,
where mκ ≥ 1, and where T± are as above. Then
[ddcϕκ]
mκ
θκ
∧ · · · ∧ [ddcϕ1]
m1
θ1
= [ddcϕκ]θκ ∧ T = dd
cϕκ ∧ 1Y \ZκT + θκ ∧ 1ZκT =
ddcϕκ ∧ 1Y \Zκ(T+ − T−) + (βκ − ακ) ∧ 1Zκ(T+ − T−) =(
ddcϕκ ∧ 1Y \ZκT+ + βκ ∧ 1ZκT+ + ακ ∧ 1ZκT−
)
−(
ddcϕκ ∧ 1Y \ZκT− + βκ ∧ 1ZκT− + ακ ∧ 1ZκT+
)
=: T ′+ − T
′
−.
Since T± are closed positive currents with analytic singularities and βκ and ακ are positive (1, 1)-
forms, T ′± are well-defined closed positive currents with analytic singularities. The claim now
follows by induction. 
6.2. Comparison to the smooth case, proof of statement (2) in Theorem 1.1. Note
that to prove statement (2) in Theorem 1.1 it suffices to show that
(6.1) skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = skt(E, h) ∧ · · · ∧ sk1(E, h)
when h is smooth.
To this end, assume that h, and thus ϕ, is smooth. Let αj be the smooth form
αj := (dd
cϕ˜j)
kj+r−1,
where we use the notation from Section 6.1. Then skj(E, h) = (−1)
kj (πj)∗αj , cf. (1.1), and thus
(6.2) skt(E, h) ∧ · · · ∧ sk1(E, h) = (−1)
k(πt)∗αt ∧ · · · ∧ (π1)∗α1.
Note that in this case
̟∗jαj = (dd
c̟∗j ϕ˜j)
kj+r−1 = (ddcϕj)
kj+r−1,
and thus in view of Remark 6.1
̟∗tαt ∧ · · · ∧̟
∗
1α1 = [dd
cϕt]
kj+r−1
θt
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ1
,
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so that
skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = (−1)
kπ∗
(
̟∗t αt ∧ · · · ∧̟
∗
1α1
)
.
Now (6.1) follows from the following lemma (with Yj = P(Ej)).
Lemma 6.3. Let X be a complex manifold, let πj : Yj → X, j = 1, . . . , t be proper submersions,
and let Y be the fiber product Y := Yt×X · · ·×X Y1 with projections ̟j : Y → Yj and π : Y → X.
Let α1 be a current on Y1, and let α2, . . . , αt be smooth forms on Y2, . . . , Yt, respectively. Then
(6.3) π∗
(
̟∗tαt ∧ · · · ∧̟
∗
1α1
)
= (πt)∗αt ∧ · · · ∧ (π1)∗α1.
Proof. By induction it is enough to prove the case t = 2. It is also enough to prove (6.3) locally.
We may therefore assume that Yj ∼= X × Zj , where Zj is a manifold for j = 1, 2. It is readily
verified that
(6.4) π∗1(π2)∗α2 = (̟1)∗̟
∗
2α2,
since the pushforwards on both sides are just integration along Z2. By (2.1), (2.2), (6.4), and
the fact that π1 ◦̟1 = π, we obtain that
(π2)∗α2 ∧ (π1)∗α1 = (π1)∗(π
∗
1(π2)∗α2 ∧ α1) = (π1)∗((̟1)∗̟
∗
2α2 ∧ α1)
= (π1)∗(̟1)∗(̟
∗
2α2 ∧̟
∗
1α1) = π∗(̟
∗
2α2 ∧̟
∗
1α1).

6.3. The cohomology class, proof of statement (1) in Theorem 1.1. Note in view of (1.8)
that to prove statement (1) in Theorem 1.1 it is enough to prove that skt(E, h, θ)∧· · ·∧sk1(E, h, θ)
is cohomologous to skt(E, g) ∧ · · · ∧ sk1(E, g), where g is a smooth metric on E.
From Proposition 4.3 we have that
skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = (−1)
kπ∗
(
[ddcϕt]
kt+r−1
θt
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ1
)
=
(−1)kπ∗
(
θkt+r−1t ∧ · · · ∧ θ
k1+r−1
1
)
+ (−1)kddcπ∗S,
for some current S; here we have used the notation from Section 6.1.
By applying Lemma 6.3 to θ˜
kj+r−1
j , noting that θ
kj+r−1
j = ̟
∗
j θ˜
kj+r−1
j , we get that
(6.5) π∗
(
θkt+r−1t ∧ · · · ∧ θ
k1+r−1
1
)
= (πt)∗θ˜
kt+r−1
t ∧ · · · ∧ (π1)∗θ˜
k1+r−1
1 .
Let η be the metric on OP(E)(1) associated with g. Then θ is cohomologous to dd
cη and since π∗
commutes with exterior differentiation, it follows from (1.1) that (−1)kj (πj)∗θ˜
kj+r−1
t is a form
in the class of skj(E, g). It follows that (−1)
k times right hand side of (6.5) is cohomologous to
skt(E, g) ∧ · · · ∧ sk1(E, g), and we conclude that so is skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ).
6.4. Lelong numbers, proof of statement (3) in Theorem 1.1. We begin by recalling the
definition of the Lelong number of a closed positive current. We assume that we are on a complex
manifold X of dimension n and that around a given point a ∈ X, we have local coordinates z.
If T is a closed positive (p, p)-current on X, then the Lelong number of T at a can be defined as
(6.6) ν(T, a) :=
∫
1{a}(dd
c log |z − a|2)n−p ∧ T,
which is independent of the local coordinate system, see for example [De3, Definition III.5.4 and
Corollary III.7.2]. Since L(log |z − a|2) = {a}, which has codimension n, the product in the
ingrand is indeed well-defined.
Note that the definition of Lelong numbers can be extended to currents that are locally of the
form T+ − T−, where T± are closed positive currents, through ν(T, a) := ν(T+, a) − ν(T−, a) if
T = T+ − T− in a neighborhood of a. In particular, in view of Lemma 6.2 the Lelong numbers
are defined for the currents skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ), and thus in particular for ck(E, h, θ).
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Remark 6.4. Let us consider (6.6). For simplicity, assume that a = 0. Note that by the dimension
principle for any (p, p)-current T that is (locally) the difference of two closed positive currents,
(ddc log |z|2)n−p ∧ T = ddc log |z|21X\{0} ∧ · · · ∧ dd
c log |z|21X\{0} ∧ T,
cf. Proposition 2.2.
Now assume that T = skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ), i.e., T = (−1)
kπ∗µ, where
µ = [ddcϕt]
kt+r−1
θt
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ1
and we are using the notation from Section 6.1. Notice that log |π∗z| is psh with analytic
singularities on Y with unbounded locus Z := π−1{0}. Thus, in view of Lemma 4.2, arguing as
in the proof of Lemma 6.2 (regarding log |π∗z| as a metric on the trivial line bundle over Y ), one
gets that
ddc log |π∗z|21Y \Z ∧ · · · ∧ dd
c log |π∗z|21Y \Z ∧ µ
is a globally defined current that in a neighborhood of Z is the difference of two closed positive
currents with analytic singularities.
Next, note that if u(ι) is a sequence of smooth psh functions decreasing to log |z|2, then π∗u(ι)
is a sequence of smooth psh functions decreasing to log |π∗z|2. Using (2.1), Propositions 2.3
and 3.2, and (2.4) we conclude that
1{0}(dd
c log |z|2)n−k ∧ T = π∗
(
1Zdd
c log |π∗z|21Y \Z ∧ · · · ∧ dd
c log |π∗z|21Y \Z ∧ µ
)
.

Proof of statement (3) in Theorem 1.1. Let us choose coordinates so that a = 0. Since Lelong
numbers are locally defined, cf. (6.6), we may assume that we are in a neighborhood 0 ∈ U ⊂ X
as in the proof of Lemma 6.2. Let θ and θ′ be two first Chern forms on OP(E)(1) corresponding
to smooth metrics ψ and ψ′, respectively, and let µ = [ddcϕt]
kt+r−1
θt
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ1
and
µ′ = [ddcϕt]
kt+r−1
θ′t
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ′
1
be the corresponding currents on Y , where we use the
notation from Section 6.1 and θ′j is defined analogously to θj .
We claim that in π−1U
(6.7) µ− µ′ =
∑
dβi ∧ µi,
where βi are smooth forms and µi are closed positive currents with analytic singularities. Using
the notation from Remark 6.4, let S ∧ T denote the operator T 7→ 1Zdd
c log |π∗z|21Y \Z ∧ · · · ∧
ddc log |π∗z|21Y \Z ∧ T . Since βi is smooth, applying S commutes with multiplication with dβi,
and thus, since S ∧ µi is closed, we get
S ∧ dβi ∧ µi = dβi ∧ S ∧ µi = d(βi ∧ S ∧ µi) =: dτi,
where τi = βi ∧ S ∧ µi has support on Z.
Hence, in view of Remark 6.4, taking the claim for granted,
(−1)k
(
ν
(
skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ), 0
)
− ν
(
skt(E, h, θ
′) ∧ · · · ∧ sk1(E, h, θ
′), 0
))
=
ν(π∗µ, 0)− ν(π∗µ
′, 0) =
∫
π∗(S ∧ (µ − µ
′)) =
∑
i
∫
dπ∗τi = 0,
where the last equality follows by Stokes’ theorem since the π∗τi have support on π(Z) = {0}.
This proves (3) in Theorem 1.1.
It remains to prove the claim. First note that, since [ddcϕ1]
0
θ1
= [ddcϕ1]
0
θ′
1
= 1, [ddcϕ1]
0
θ1
−
[ddcϕ1]
0
θ′
1
vanishes and is in particular of the form (6.7). Next assume that we have proven that
T − T ′ := [ddcϕκ]
mκ−1
θκ
∧ · · · ∧ [ddcϕ1]
m1
θ1
− [ddcϕκ]
mκ−1
θ′κ
∧ · · · ∧ [ddcϕ1]
m1
θ′
1
=
∑
i
dγi ∧ Ti
for some smooth forms γi and closed positive currents with analytic singularities Ti, where
mκ ≥ 1.
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By the assumption on U , T = T+ − T− in π
−1U , where T± are closed positive currents with
analytic singularities. Now
[ddcϕκ]
mκ
θκ
∧ · · · ∧ [ddcϕ1]
m1
θ1
− [ddcϕκ]
mκ
θ′κ
∧ · · · ∧ [ddcϕ1]
m1
θ′
1
= [ddcϕκ]θκ ∧ T − [dd
cϕκ]θ′κ ∧ T
′ =
ddcϕκ ∧ 1Y \Zκ(T − T
′) + (θκ − θ
′
κ) ∧ 1ZκT + θ
′
κ ∧ 1Zκ(T − T
′) =∑
i
dγi ∧ dd
cϕκ ∧ 1Y \ZκTi + dd
c(ψκ − ψ
′
κ) ∧ 1Zκ(T+ − T−) +
∑
i
d(γi ∧ dd
cψ′κ) ∧ 1ZκTi,
which is of the form in the right hand side of (6.7), since ψκ and ψ
′
κ are smooth. Here we have used
that set of closed positive currents with analytic singularities is closed under multiplication with
1U , where U is an constructible set and Remark 3.3. The claim now follows by induction. 
7. Comparison with [LRRS], Proof of Theorem 1.2
Assume that h is a singular Griffiths positive (negative) metric on a holomorphic vector bundle
E → X over a complex manifold X of dimension n, such that that the degeneracy locus of h is
contained in a variety V ⊂ X. In [LRRS] the first three authors together with Ruppenthal de-
fined Chern and Segre currents, ck(E, h) and sk(E, h), for k ≤ codimV . Let us briefly recall the
construction. Locally, h can be approximated by an increasing (decreasing) sequence hε of Grif-
fiths positive (negative) smooth metrics, see, e.g., [BP, Proposition 3.1] or [R, Proposition 1.3].
Theorem 1.11 in [LRRS] asserts that the iterated limit2
(7.1) lim
εt→0
· · · lim
ε1→0
skt(E, hεt)∧ · · · ∧sk1(E, hε1)
exists as a current and is independent of the choice of hε for k1+· · ·+kt ≤ codimV ; in particular,
it follows that skt(E, h) ∧ · · · ∧ sk1(E, h), locally given as (7.1), defines a global current on X.
Moreover, the Chern currents ck(E, h), defined from skt(E, h) ∧ · · · ∧ sk1(E, h) analogously to
(1.8), and the Segre currents sk(E, h) coincide with the corresponding Chern and Segre forms
where h is smooth, and are in the classes ck(E) and sk(E), respectively, when X is compact.
Assume that h is Griffiths positive and let ϕε be the smooth metric on π : P(E)→ X induced
by hε. Then ϕε is a sequence of smooth positive metrics on OP(E)(1) decreasing to ϕ. Let ωε be
the first Chern form of ϕε. Then skt(E, h) ∧ · · · ∧ sk1(E, h) satisfies the following recursion for
t ≥ 0:
(7.2) skt(E, h) ∧ · · · ∧ sk1(E, h) = lim
ε→0
(−1)ktπ∗(ω
kt+r−1
ε ) ∧ skt−1(E, h) ∧ · · · ∧ sk1(E, h).
Remark 7.1. Assume that h is Griffiths positive. Let us use the notation from Section 6.1, and
denote the sequences of positive metrics on Y induced by hε by ϕj,ε. Moreover assume that we
are outside the degeneracy locus of h. Then the induced ϕj are locally bounded and thus, by
Proposition 2.3,
(−1)kskt(E, h) ∧ · · · ∧ sk1(E, h) = lim
εt→0
· · · lim
ε1→0
π∗
(
(ddcϕt,εt)
kt+r−1 ∧ · · · ∧ (ddcϕ1,ε1)
k1+r−1
)
= π∗
(
(ddcϕt)
kt+r−1 ∧ · · · ∧ (ddcϕ1)
k1+r−1
)
.

To prove Theorem 1.2 we need to recall some auxiliary results from [LRRS]. First, following
[LRRS] we say that a smooth (n − k, n − k)-form β is a bump form at a point x ∈ X if it is
strongly positive, and such that for some (or equivalently for any) Ka¨hler form ω defined near x,
there exists a constant C > 0 such that Cωn−k ≤ β as strongly positive forms in a neighborhood
of x.
Lemma 7.2. Let V ⊂ X be a subvariety. Then for each k ≤ codimV and each point x ∈ V ,
there exists a bump form β at x of bidegree (n− k, n− k) with arbitrarily small support such that
ddcβ has support in X \ V .
2In [LRRS] the limit is taken over certain subsequences of hε, but this is in fact not necessary; see the end of
the proof of Proposition 4.6 in [LRRS].
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Proof. We construct the bump form β as in the proof of Lemma 4.3 in [LRRS] (with k equal to
k + q in that proof). By that proof, one may write β as a sum of terms, such that each term in
some local coordinate system (z′, z′′) ∈ Cn−k×Ck is of the form χ1χ2β0, where β0 = idz
′
1∧dz¯
′
1∧
· · · ∧ idz′n−k ∧ dz¯
′
n−k and χ1 and χ2 are cutoff functions in the variables z
′ and z′′, respectively,
such that χ2 is constant in a neighborhood of (suppχ1χ2) ∩ V . It then suffices to prove that
d(χ1χ2β0) has support in X \ V . This holds since β0 has full degree in the z
′-variables so that
d(χ1χ2β0) = χ1dχ2∧β0, and χ1dχ2 has support in the set where χ1χ2 6≡ 0 and χ2 is not constant,
which is contained in X \ V . 
The next result is Lemma 4.5 in [LRRS].
Lemma 7.3. Let S and T be two closed, positive (k, k)-currents on X such that S = T outside
a subvariety V with codimV ≥ k, and assume that for each point of x ∈ V , there exists an
(n − k, n − k) bump form β at x with arbitrarily small support such that∫
X
S ∧ β =
∫
X
T ∧ β.
Then S = T everywhere.
Proof of Theorem 1.2. We will proceed by induction. Let us first choose t ≥ 2 and assume that
we have proved that
(7.3) skt−1(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = skt−1(E, h) ∧ · · · ∧ sk1(E, h).
Let us use the notation from Section 6.1. Moreover, let Y ′ be the fiber product
Y ′ = P(Et−1)×X · · · ×X P(E1),
with projections ̟′j : Y
′ → P(Ej), π
′ : Y ′ → X, and p : Y → Y ′. Then Y = P(Et)×X Y
′.
Let ϕ′j denote the pullback metric (̟
′
j)
∗ϕ˜j on L
′
j := (̟
′
j)
∗Lj and let θ
′
j = (̟
′
j)
∗θ˜j. Let ϕ˜ǫ
denote the metric on L˜t induced by hε, let ϕε denote the pullback ̟
∗
t ϕ˜ε to Y , and let ω˜ε and ωε
denote the correspondig first Chern forms. Let
µ′ = [ddcϕ′t−1]
kt−1+r−1
θ′t−1
∧ · · · ∧ [ddcϕ′1]
k1+r−1
θ′
1
and let µ = p∗µ′; by regularization
µ = [ddcϕt−1]
kt−1+r−1
θt−1
∧ · · · ∧ [ddcϕ1]
k1+r−1
θ1
.
Now, using the induction hypothesis (7.3) and Lemma 6.3 we can rewrite (7.2) as
skt(E, h) ∧ · · · ∧ sk1(E, h) = (−1)
k lim
ε→0
(πt)∗ω˜
kt+r−1
ε ∧ π
′
∗µ
′ = (−1)k lim
ε→0
π∗(ω
kt+r−1
ε ∧ µ).
Moreover,
skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) = (−1)
kπ∗
(
[ddcϕt]
kt+r−1
θt
∧ µ
)
.
Since k ≤ codimV , by Lemma 7.2, for each x ∈ V there is a bump form β at x of bidegree
(n − k, n − k) with arbitrarily small support such that ddcβ vanishes in a neighborhood of V .
Note that πt(L(ϕ˜t)) ⊂ V in view of Lemma 5.6. It follows that
Zt = ̟
−1
t L(ϕ˜t) ⊂ ̟
−1
t π
−1
t V = π
−1V
and thus ddcπ∗β vanishes in a neighborhood of Zt ⊂ Y . Hence, by Lemma 4.4 (applied to T = µ)∫
X
skt(E, h, θ) ∧ · · · ∧ sk1(E, h, θ) ∧ β = (−1)
k
∫
Y
[ddcϕt]
kt+r−1
θt
∧ µ ∧ π∗β =
(−1)k lim
ε→0
∫
Y
ωkt+r−1ε ∧ µ ∧ π
∗β =
∫
X
skt(E, h) ∧ · · · ∧ sk1(E, h) ∧ β.
In view of Remarks 6.1 and 7.1, (1.9) holds outside V , and thus by Lemma 7.3 it holds everywhere.
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It remains to prove (1.9) for t = 1. This follows, in fact, by an easier version of the argument
above. If β is a bump form as above, then by Lemma 4.4 (with T = 1)∫
X
sk1(E, h, θ) ∧ β = (−1)
k1
∫
P(E1)
[ddcϕ1]
k1+r−1
θ ∧ π
∗
1β =
(−1)k1 lim
ε→0
∫
P(E1)
ωk1+r−1ε ∧ π
∗
1β =
∫
X
sk1(E, h) ∧ β
and again (1.9) follows from Lemma 7.3. 
8. Remarks and examples
Let us start by discussing the uniqueness of the Chern and Segre currents. Assume that X is
a complex manifold and that V ⊂ X is a subvariety of pure codimension p. Moreover assume
that T1 and T2 are closed positive (p, p)-currents on X that coincide outside V , and that the
Lelong numbers of T1 and T2 coincide at each x ∈ V . We claim that then T1 = T2. Indeed, since
T := T1 − T2 is a closed normal (p, p)-current with support on V it follows that T =
∑
aj [Vj ],
where Vj are the irreducible components of V , see, e.g., [De3, Corollary III.2.14]. Next, by
assumption the Lelong number of T at each point in V is zero and therefore aj = 0 for each j.
If T1 and T2 are closed positive (k, k)-currents that coincide outside V , where k < p, then 1V Tj
vanishes for j = 1, 2 by the dimension principle, and hence T1 = T2.
Now assume that we are in the situation of Theorem 1.1 and that L(log det h∗) ⊂ V . Then by
Remark 6.1, ck(E, h, θ) and sk(E, h, θ) are independent of θ outside V . Since they are of bidegree
(k, k) and (locally) differences of closed positive currents it follows in view of (3) that they are
independent of θ for k ≤ p. Note that if h is smooth outside V then ck(E, h, θ) and sk(E, h, θ)
are uniquely determined by the condition (2) for k < p.
On the other hand if k > p, let α and β be real smooth forms of bidegree (k − p, k − p) such
that α−β is exact. Then (α−β)∧ [V ] 6= 0 has zero Lelong numbers everywhere, is cohomologous
to zero, and vanishes outside V . Thus there is no reason to expect ck(E, h, θ) and sk(E, h, θ) to
be independent of θ for k > p in general.
Let us consider some simple examples, where we can compute the Segre and Chern currents
explicitly.
Example 8.1. Let L → X be a line bundle and e−ϕ a Griffiths positive metric with analytic
singularities. Then OP(L)(1) = L and e−
ϕ = h, and thus
sk(L, h, θ) = [dd
cϕ]kθ = (dd
cϕ)k +
k−1∑
ℓ=0
θk−ℓ ∧ 1Z(dd
cϕ)ℓ,
where Z is the unbounded locus of ϕ. Classically, by the Bedford-Taylor-Demailly theory, for a
general ϕ, (ddcϕ)k is well-defined only for k = 1; if ϕ has analytic singularities it is well-defined
for k ≤ codimZ =: p.
In fact, it is not hard to find examples of psh functions u with analytic singularities and
sequences u(ι) of psh functions decreasing to u where the corresponding sequences (ddcu(ι))k
converge to different positive currents for k > p, see, e.g., [ABW, Example 3.2]. In particular,
this implies that the construction in [LRRS] cannot extend to k > p in general. 
Example 8.2. Let X = Pn, L = OPn(1), and h = e
−ϕ, where ϕ = log |s|2 and s is a non-
trivial global holomorphic section of L, cf. Example 4.1. Then the unbounded locus of ϕ is the
hyperplane Z = {s = 0} ⊂ Pn and thus (ddcϕ)m is defined classically by the Bedford-Taylor-
Demailly theory only for m = 1, cf. Example 8.1. By the Poincare´-Lelong formula ddcϕ = [s =
0] = [Z], cf. [De4, Example 2.2]. It follows that
(ddcϕ)2 = ddc(ϕ1X\Zdd
cϕ) = 0
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and thus (ddcϕ)m = 0 for all m > 1. Hence, if θ is the first Chern form of a smooth metric on
L, then
[ddcϕ]mθ = θ
m−1 ∧ [s = 0].
Since L is a line bundle, P(L) = X and (OP(L)(1), h) = (L, e
−ϕ). Moreover, Y = X and
ϕj = ϕ and θj = θ for each j. Thus
(8.1) skt(L, h, θ) ∧ · · · ∧ sk1(L, h, θ) = (−1)
k[ddcϕ]kθ = (−1)
k θk−1 ∧ [s = 0].
In particular, (8.1) depends on θ as soon as k > 1. In this case it is easy to see that the Lelong
numbers are independent of θ, since θ is smooth.
Note that sk(E, h) and ck(E, h) are well-defined in the classical or [LRRS] sense only for k ≤ 1;
it holds that
c1(E, h) = −s1(E, h) = dd
cϕ = [s = 0].

Example 8.3. Let E be a trivial rank 2 bundle over X = C2 with coordinates x = (x1, x2) and
let h be the singular metric h = e− log |x|
2
Id. In view of Section 5, in the open set Ui the induced
metric ϕ on OP(E)(1) is given by
ϕi(x, [ξ]) = log |x|
2 + log |ξ/ξi|
2.
In particular, it follows that h is Griffiths positive with analytic singularities.
Since the unbounded locus of ϕ, Z = {x = 0}, has codimension 2 in P(E), (ddcϕ)m is
classically well-defined for m ≤ 2. Note that ddcϕ = ddc log |x|2 + ωFS, where ωFS is the Fubini-
Study metric on the fibers π−1(x) ∼= P1ξ , and
(8.2) (ddcϕ)2 = (ddc log |x|2)2 + 2ωFS ∧ dd
c log |x|2 = [x = 0] + 2ωFS ∧ dd
c log |x|2,
since ω2FS vanishes for degree reasons. It follows that
(ddcϕ)3 = ddc(ϕ1P(E)\Z (dd
cϕ)2) = ddc(ϕ 2ωFS ∧ dd
c log |x|2) =
(ωFS + dd
c log |x|2) ∧ (2ωFS ∧ dd
c log |x|2) = 2ωFS ∧ [x = 0],
where we have again used that ω2FS = 0. Thus if θ is the first Chern form of a smooth metric on
OP(E)(1),
[ddcϕ]3θ = (dd
cϕ)3 + θ ∧ 1Z(dd
cϕ)2 + θ2 ∧ 1Zdd
cϕ = 2ωFS ∧ [x = 0] + θ ∧ [x = 0],
where the last term in the middle expression vanishes by the dimension principle since codimZ =
2. Therefore
s2(E, h, θ) = π∗[dd
cϕ]3θ = 3[0].
In view of (8.2), c1(E, h, θ) = −s1(E, h, θ) = 2dd
c log |x|2, and thus by (1.8) we get that
c2(E, h, θ) = [0]. 
A naive attempt would be to define Segre currents as the pushforward of (ddcϕ)k+r−1 instead of
[ddcϕ]k+r−1θ . Since (dd
cϕ)m coincides with the classical Bedford-Taylor-Demailly Monge-Ampe`re
product where ϕ is locally bounded, π∗(dd
cϕ)k+r−1 coincides with sk(E, h) where h is smooth,
cf. Lemma 5.6. Example 8.2, however, shows that the current π∗(dd
cϕ)k+r−1 is not in sk(E) in
general; in that example (ddcϕ)m = 0 for m > 1, whereas sk(E) 6= 0 for 0 ≤ k ≤ n. Moreover,
Example 8.3 shows that the Lelong number of π∗(dd
cϕ)k+r−1 is not equal to the Lelong number
of sk(E, h, θ) in general. Indeed, note that in that example π∗(dd
cϕ)3 equals 2[0] and thus has
Lelong number 2 at the origin, whereas the Lelong number at the origin of s2(E, h, θ) is 3.
The following example shows that the products (1.7) of Segre currents are not commutative
in general.
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Example 8.4. Let X be the unit ball in C3 with coordinates x = (z, ζ1, ζ2), and let E = X×C
2 →
X be the trivial vector bundle of rank 2. Let h be the singular hermitian metric on E whose
dual metric h∗ on E∗ is given by the matrix
[
0 0
0 |z|2
]
. Then in view of Section 5, the induced
metric ϕ on OP(E)(1) is given by ϕ1(x, [ξ]) = log |z|
2 + log |ξ2/ξ1|
2 and ϕ2 = log |z|
2 in U1 and
U2, respectively. It follows that
ddcϕ = ddc(log |z|2 + log |ξ2|
2) = [Z] + [W ],
where Z = {z = 0} and W = {ξ2 = 0}.
Moreover let g be the smooth metric on E given by the matrix
[
1 |ζ|2
|ζ|2 1
]
. A computation
yields that the curvature form at ζ = 0 is Θg|ζ=0 =
[
0 ∂¯∂|ζ|2
∂¯∂|ζ|2 0
]
so that i2πΘ
g|ζ=0 =
−
[
0 ddc|ζ|2
ddc|ζ|2 0
]
. Thus at ζ = 0, in view of (1.2),
s1(E, g) = −c1(E, g) = 0, c2(E, g) = −(dd
c|ζ|2)2, s2(E, g) = c1(E, g)
2 − c2(E, g) = (dd
c|ζ|2)2.
Let θ be the first Chern form of the smooth metric ψ on OP(E)(1) induced by g. Then at
(x, [ξ]) ∈ P(E)
θ = ddcψ = ωg
∗
FS −
i
2π|ξ|g
Θg
∗
ξξ
,
where Θg
∗
is the curvature form on E∗x and ω
g∗
FS is the induced Fubini-Study metric on the fiber
π−1(x) = P(E∗x)
∼= P1, see, e.g., the beginning of the proof of Proposition 3.1 in [G] or the
beginning of Section 2 in [Di].
Note that at ζ = 0, g is just the standard Euclidean metric on C2, so that ωg
∗
FS is just the stan-
dard Fubini-Study metric ωFS on P
1. Moreover, Θg
∗
|ζ=0 = −(Θ
g)T |ζ=0 = −
[
0 ∂¯∂|ζ|2
∂¯∂|ζ|2 0
]
,
where T denotes transpose. In particular, for (x, [ξ]) such that ζ = 0 and ξ2 = 0, Θ
g∗
ξξ
= 0. Hence
at ζ = 0,
(8.3) θ ∧ [W ] = ωFS ∧ [W ] = 0,
where the last equality follows for degree reasons. Therefore, form > 1, noting that (ddcϕ)m = 0,
[ddcϕ]mθ = θ
m−1 ∧
(
[Z] + [W ]) = θm−1 ∧ [Z] at ζ = 0. More generally, let E1 and E2 be copies of
E and Y = P(E1)×X P(E2), and let us use the notation from Section 6.1. Then a computation
using (8.3), yields that for m1,m2 > 1, at ζ = 0,
[ddcϕ2]
m2
θ2
∧ [ddcϕ1]
m1
θ1
= θm22 ∧ θ
m1−1
1 ∧ [Z].
In view of (2.2), (6.2), and (6.3) it follows that
π∗
(
θk2+12 ∧ θ
k1+1
1 ∧ [Z]
)
= (−1)k1+k2sk2(E, g) ∧ sk1(E, g) ∧ [Z].
Hence at ζ = 0
s1(E, h, θ) ∧ s2(E, h, θ) = −π∗
(
[ddcϕ2]
2
θ2
∧ [ddcϕ1]
3
θ1
)
=
− π∗
(
θ22 ∧ θ
2
1 ∧ [Z]
)
= −s1(E, g) ∧ s1(E, g) ∧ [Z] = 0,
and similarly
s2(E, h, θ) ∧ s1(E, h, θ) = −s2(E, g) ∧ s0(E, g) ∧ [Z] = −(dd
c|ζ|2)2 ∧ [Z] 6= 0.
Thus s1(E, h, θ) ∧ s2(E, h, θ) 6= s2(E, h, θ) ∧ s1(E, h, θ) in this case. 
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